The behaviour of converging spherical shock waves is considered using Whitham's theory of geometrical shock dynamics. An analysis of converging shocks whose initial shape takes the form of regular polyhedra is presented. The analysis of this problem is motivated by the earlier work on converging cylindrical shocks discussed in Schwendeman & Whitham (1987) . In that paper, exact solutions were reported for converging polygonal shocks in which the initial shape re-forms repeatedly as the shock contracts. For the polyhedral case, the analysis is performed both analytically and numerically for an equivalent problem involving shock propagation in a converging channel with triangular cross-section. It is found that a repeating sequence of shock surfaces composed of nearly planar pieces develops, although the initial planar surface does not re-form, and that the increase in strength of the shock at each iterate in the sequence follows the same behaviour as for a converging spherical shock independent of the convergence angle of the channel. In this sense, the shocks are stable and the result is analogous to that found in the two-dimensional case. A numerical study of converging spherical shocks subject to smooth initial perturbations in strength shows a strong tendency to form surfaces composed of nearly planar pieces suggesting that the stability result is fairly general.
Introduction
In the original description of the theory of geometrical shock dynamics (Whitham 1957) , it was shown that a converging cylindrical shock wave would be unstable to small disturbances. As these disturbances grow, discontinuities in Mach number and slope along the leading shock front, referred to as 'shock-shocks' in the theory, would develop. The subsequent behaviour of the converging shock and hence the ultimate question of stability was not analysed in Whitham (1957) . In a later paper (Schwendeman & Whitham 1987) , it was found that the behaviour of converging cylindrical shock waves that take the form of regular polygons could be analysed exactly within the theory. Each vertex of the polygon opens up to form a Mach stem which then proceeds to grow and consume the incident shocks from the neighbouring sides. If the initial strength of the shock is uniform, then the Mach stems formed at the vertices grow and eventually meet at the same time thus re-forming the polygon with a contraction in scale and an increase in strength. The process repeats, and it was shown that the increase in Mach number at each step behaves according to the same law as for a converging cylindrical shock independent of the number of sides of the original polygon. It was concluded that converging cylindrical shocks are stable to perturbations that take the form of regular polygons.
Numerical calculations of the behaviour of converging cylindrical shocks subject to smooth perturbations were also presented in Schwendeman & Whitham (1987) , and these results showed that converging shocks have a strong tendency to form planar sides and polygonal shock shapes. A similar behaviour has been observed experimentally by Takayama, Kleine & Grönig (1987) and by Watanabe & Takayama (1991) . In the latter paper, simulations of the full equations of gasdynamics were conducted and shown to agree with the experimental observations. Thus, the stability result for regular polygons appears to be fairly general. Brief comments were made in Schwendeman & Whitham (1987) concerning the behaviour of converging spherical shocks. For initial shock shapes that take the form of regular polyhedra, each vertex and edge would form a Mach face similar to that for the cylindrical case. However, an exact solution for the spherical case was not found nor was a detailed analysis given. It was conjectured that the original polyhedral shape would not repeat but, rather, more and more Mach faces would develop leading to a closer approximation of a sphere and stability. In Schwendeman (1993) , a numerical scheme for shock propagation in two and three dimensions was presented. In this work, the behaviour of converging shocks in three dimensions, among other problems, was considered. It was found that smooth, three-dimensional perturbations of converging cylindrical and spherical shocks tended to form nearly planar Mach stems similar to that observed in the two-dimensional case. The behaviour of an average fractional change in radius, ∆R/R, for the converging shocks was calculated for each case and found to decay, thus suggesting stabilty. The spherical shock case was considered under the constraint of conical guide walls in order to avoid the geometric singularities at the two poles imposed by a mapping to a Cartesian grid used in the numerical scheme. The numerical method to be presented here uses an unstructured grid based on triangular prism cells in part to avoid this difficulty.
Additional studies of converging shocks using geometrical shock dynamics have been discussed in Gardner, Book & Bernstein (1982) following the work in Fong & Ahlborn (1979) . Both of these studies concentrated on the behaviour of converging cylindrical and spherical shocks subject to initial perturbations (possibly large) that took the shape of an isolated bulge. For the spherical case, axial symmetry was assumed. The result was essentially the same as that discussed above. The initial bulge flattened and ultimately formed shock-shocks and planar Mach stem-like shocks in agreement with the observations discussed above. In Apazidis & Lesser (1996) , converging shocks were generated by reflection from the wall of a cylindrical confinement, and polygonal shock shapes appeared in cases where the confinement boundary possessed smooth perturbations about a circular shape.
In this paper, we study the behaviour and stability of converging spherical shocks. The analysis is carried out using the approximate theory of geometrical shock dynamics, but this theory is believed to be particularly accurate for converging shocks in part because of the excellent agreement with Guderley's similarity solution (Guderley 1942) for cylindrical and spherical shocks (see Whitham 1974) . We begin by re-examining the case of converging spherical shocks whose initial shape takes the form of regular polyhedra. An analysis of the propagation of these initial shock shapes is performed and the results are presented in § 2. It is found that, while it is possible for the initial shock to form another regular polyhedral shape at a later stage, it is not possible for the original polyhedral shape to re-form in a manner similar to the exact solution worked out for the two-dimensional case. This result, in agreement with the conjecture in Schwendeman & Whitham (1987) , does not preclude the possibility that an initial shock in the shape of a regular polyhedron may propagate and evolve into other repeating configurations as it converges. In order to examine this possibility, a numerical method of calculation is developed in § 3, following the work in Schwendeman (1999) , and is used in § 4 to calculate the three-dimensional propagation of a shock in a converging channel with a triangular cross-section. This geometry is motivated by the symmetries present in the regular polyhedra with 4, 8 and 20 faces. It is found that an initially planar shock evolves into a complicated but repeating sequence of shock surfaces composed of nearly planar pieces connected by shock-shocks. It is shown that the increase in the shock Mach number for each iterate in the sequence follows the same behaviour as a converging spherical shock, independent of the convergence angle of the channel. The result is thus analogous to the stability result in Schwendeman & Whitham (1987) for the two-dimensional case. Further numerical results are presented in § 5 for converging spherical shocks subject to smooth perturbations in their initial strength. It is found that the converging shocks tend to form shapes composed of (nearly) planar pieces indicating again that the stability result is fairly general.
Converging polyhedral shock shapes
Regular polyhedra are limited to ones with 4, 6, 8, 12 and 20 faces. For example, consider a converging shock whose initial shape takes the form of a regular polyhedron with 20 faces (an icosahedron) as shown in figure 1(a). As the shock collapses, each vertex and edge suffers a Mach reflection to form Mach faces as shown in figure 1(b) . (There would also be reflected shocks from each shock-shock edge, but these are not determined explicitly in geometrical shock dynamics.) The shock formed at each vertex has the largest shock strength, and ultimately consumes the incident shocks from the initial polyhedral faces as well as the shocks formed by the Mach reflection from each original edge. If the incident shock pieces and the shocks from the edges vanish at the same time, then a regular polyhedra with 12 faces (a dodecahedron) is formed as shown in figure 1(c). The new polyhedral shock, as indicated in the figure, would be smaller than the original and would have an increased shock strength given by the converging shocks originating at each vertex. The condition that the incident shocks and the shocks from the edges vanish at the same time depends on the relative rates of advance of the shock-shocks from the original edges and vertices, and this condition is satisfied only in special cases as will be discussed below. For cases when this initial scenario occurs, the question becomes whether the shock returns in shape to the original icosahedron with a reduction in scale. A similar process may be considered for the regular polyhedral pairs with 8 and 6 faces and with 4 and 4 faces. For the latter pair, the intermediate step would also be a tetrahedron.
For each of the three pairs we can identify planes of symmetry, and these may be viewed as effective walls within the theory. For the polyhedra with 4, 8 and 20 faces, planes of symmetry from each edge to the centre form converging channels with a triangular cross-section as shown in figure 2. Points C, E and V identify the face centre, an edge centre, and a vertex of the triangular face of the channel, respectively, and the point O lies at the point of convergence. The angle φ is the angle between the centreline OC and the line OV , and takes the (approximate) values 70.53
• , 54.74
• and 37.38
• for polyhedra with 4, 8 and 20 faces, respectively. The problem of the behaviour of a converging shock whose initial shape takes the form of a regular polyhedron with 4, 8 or 20 faces may now be analysed by considering the propagation of an initially planar shock in the converging channel shown in the figure.
In order to analyse the evolution of the shock in the converging channel, it is convenient to consider the behaviour in the cut planes OCE and OEV as shown in figure 3 . The planes are orthogonal to each other, but share the line OE so that they may be unfolded and laid flat as is done in the figure. The angles θ and ψ determine the behaviour of the shock propagation in each cut plane and these angles are related to the convergence angle φ by the formula
The initial planar shock is seen in the figure connecting points C and E and has a Mach number equal to M 1 , say. It experiences a Mach reflection by the effective wall OE and forms a shock-shock and a Mach stem with an increased Mach number M 2 . The path of the shock-shocks from E (shown by the dotted line in the figure) makes an angle χ relative to the line OE. The angles θ and χ and the Mach numbers M 1 and M 2 are related by the shock-shock conditions
Behaviour of a converging shock in the cut planes OCE and OEV .
(see Whitham 1974) . The ray-tube areas A 1 and A 2 are related to M 1 and M 2 , respectively, by an assumed area-Mach number relation. For the case of a converging shock, the shock would become strong so that an appropriate form is
where the constant n is related to the ratio of specific heats γ for an ideal gas (e.g. n = 5.0743 when γ = 1.4) according to the area-Mach number relation initially proposed by Chisnell (1957) following the work of Chester (1954) . Using (2.3), (2.2) reduces to 4) so that χ and σ = M 1 /M 2 are determined by θ and n. The Mach stem formed by the Mach reflection at E, in turn, produces a Mach reflection at V and a Mach stem with shock Mach number M 3 . (The dashed line connecting points E and V in the figure indicates the edge along the initial planar shock at the wall.) The angle ξ and ratio µ = M 2 /M 3 for this Mach reflection are determined by the angle ψ and n using the formulas the shock surface shown in figure 4(c) results. This configuration would correspond to the formation of a dodecahedron as described in figure 1 for the case when the convergence angle φ is 37.38
• , or to regular polyhedra with 6 or 4 faces when φ equals 54.74
• or 70.53
• , respectively. The condition for the incident shock to vanish at the point P shown in figure 4(c) can be worked out from the geometry of the shock-shock paths in figure 3 and (2.4) and (2.5) for the angles χ and ξ. The distance |OQ| in figure 3 can be determined in two ways. Let R 1 and R 2 denote the distance |OQ| according to the geometry in the planes OCE and OEV , respectively. A straightforward application of trigonometry gives
The values of R 1 and R 2 must be equal for the configuration in figure 4(c) to occur. The shock-shock formulas (2.4) and (2.5) give the angles χ and ξ implicitly in terms of θ and ψ, respectively, and in terms of the exponent n in the area-Mach number relation (2.3). The angles θ and ψ, in turn, are related to φ by the geometric formula (2.1) so that the ratio R 1 /R 2 depends on φ and n alone. In figure 5 , we plot the ratio R 1 /R 2 as a function of φ for integer values of n between 1 and 7. As may be seen from the curves, there is a unique value of φ for a given value of n for which the ratio is 1 and the configuration in figure 4(c) occurs. The values of φ with R 1 /R 2 = 1 range between 0 as n → 0 and 70.53
• as n → ∞. The collapse of a strong shock in the shape of an icosahedron initially to a dodecahedron corresponds to the case φ = 37.38
• and would occur when n = 1.185, and the collapse of a strong shock in the shape of an octahedron initially to a hexahedron corresponds to the case φ = 54.74
• and would occur when n = 4.269. The limiting value of φ = 70.53
• (n → ∞) corresponds to the collapse of a strong shock in the shape of a regular tetrahedron initially. Assuming that φ and n are such that the evolution to the configuration in figure 4(c) occurs, the final step is to consider whether the shock returns to a planar shape. Each shock-shock edge, such as P Q, and the vertex at P opens up to form new Mach faces and corresponding shock-shocks as shown in figure 4(d ). The angle of the new shock-shocks from P relative to the effective wall OP in the cut plane OCE is χ, and the angle of the shock-shock from the edge P Q from the effective wall OQ in the cut plane OEV is ξ as shown in figure 3. These angles depend only on φ and n, and are the same ones as those determined implicitly in (2.4) and (2.5) with σ and µ replaced by M 4 /M 5 and M 3 /M 4 , respectively. The geometry of figure 3 is now completely determined, and we see that a return to a planar shock would occur if the path of shock-shocks from Q met at the point U so that the Mach stem at that point vanished. This condition, however, is not possible according to the geometry of figure 3 (excluding the limiting case n → ∞) so that there is always a small Mach stem at U as shown in the figure. This configuration corresponds to the shock surface shown in figure 4(e).
The analysis of a converging shock whose initial shape takes the form of a regular polyhedron with 20, 8 or 4 faces has shown that the shock may evolve into the shape of a regular polyhedron with 12 or 6 faces at a later time depending on the value of n in the area-Mach number rule (excluding the limiting case n → ∞). However, the analysis also shows that it is not possible for the shock to return in shape to its original regular polyhedral configuration (with reduced size). While it is possible to pursue the evolution of other (non-regular) polyhedral shock shapes analytically, we turn instead to a numerical approach which will be used to demonstrate that converging polyhedral shocks do evolve into repeating configurations that are more complex than the ones considered analytically above. In addition, the numerical method will be used to study the behaviour of converging spherical shocks subject to smooth initial perturbations.
Numerical method for three-dimensional shock propagation
In this section, we develop a numerical method which may be used to calculate the motion of a leading shock front in three space dimensions as determined by a solution of the equations of geometrical shock dynamics. The numerical approach is based on a finite-volume discretization of the conservation form of the equations of geometrical shock dynamics, and may be considered as an extension of the method developed in Schwendeman (1999) for shock propagation in two dimensions. Both methods are Godunov-type methods (Godunov 1959) , and compute numerical fluxes based on the solution of a suitable Riemann problem. For the geometries considered here an unstructured grid based on triangular prism cells is convenient, in contrast to the methods discussed in Schwendeman (1993) and Schwendeman (1999) which use structured grids. It is also noted that the method developed here is a fixed-grid (Eulerian) method which has favourable stability and accuracy properties compared to the moving-grid (Lagrangian) method used in Schwendeman (1988) .
Governing equations and discretization
The equations of geometrical shock dynamics in conservation form are
where the shock position x at a time t is given by the surface α(x) = a 0 t (for a uniform ambient sound speed a 0 ) and A = A(M) is an assumed area-Mach number relation such as that given by (2.3) for strong shocks (see Whitham 1974) . The partial differential equation for α in (3.1) is nonlinear and hyperbolic, assuming that A (M) < 0, and describes disturbances in Mach number and shock-front normal that propagate along the shock surfaces, which evolve in the direction of ∇α. The object of the numerical method is to determine a discrete representation for α(x) throughout the region of interest so that the successive shock positions may then be determined by computing level surfaces of α. Equations (3.1) are to be solved for α in a three-dimensional region Ω (such as the converging channel shown in figure 2). Let the surface S 0 denote the portion of the boundary of Ω on which the arrival time for the leading shock front and its Mach number are known. These data correspond to prescribing α and its normal derivative on S 0 . For many problems, including the ones considered in this paper, the surface S 0 coincides with the shock surface at t = 0 so that α = 0 on S 0 , but this is not essential. For the purposes of our numerical method, we now introduce a one-parameter family of surfaces S(η) that describes the region Ω for 0 6 η 6 η final with S(0) = S 0 . The hyperbolic equation for α will be solved numerically by advancing the solution on the family of surfaces S(η) for increasing values of the parameter η. It is noted that while η plays the role of time for the numerical method, it is not equal to the actual time t for a given shock front position in general, and the chosen surfaces S(η) are not the shock front positions given by the level surfaces α(x) = a 0 t. The exact solution, in fact, evolves in the direction of ∇α as mentioned before.
We may now define a grid Ω h by the family of discrete surfaces S h (η), 0 6 η 6 η final , where h denotes a measure of the grid spacing. For the geometries considered in this paper, it is convenient to describe S h (η) by a set of triangular elements as shown in figure 6 , where x i (η), i = 1, . . . , N v , 0 6 η 6 η final , define the paths of the vertices of the triangular elements. We also defineα k (η), k = 1, . . . , N e , to be a set of discrete approximations for α on the surface S h (η). These discrete values are located at edge centres as shown in figure 6 . Lastly, we defineF j (η), j = 1, . . . , N c , to be a set of discrete approximations for (M/A)∇α · n on the surface S h (η) located at triangle centres, where the unit surface normal n points in the direction of increasing η.
Let us consider an individual triangular element on the surface S h (η) with centre Figure 6 . A small portion of the unstructured grid on surfaces S h (η) and S h (η + ∆η).
index j = j 0 , say, and corresponding edge indices k = k 1 , k 2 , and k 3 . The triangular element maps out a triangular prism over an increment ∆η in the parameter η. An application of the divergence theorem to the equation for α in (3.1) for this prism suggests the conservative discretizatioñ
where a j 0 is the surface area of the triangular element, b k p is the surface area of the pth side of the prism, andG k p is a discrete approximation for (M/A)∇α · ν k p on the pth side with outward unit normal ν k p . The approximations for α on the edges are advanced usingα 2 and 3, (3.3) where c k p is the distance from the pth edge centre at η to that at η + ∆η, andũ k p is a discrete approximation for ∇α · τ k p on the pth side with unit tangent vector τ k p pointing in the direction of the path of the edge centres. The surface areas a j 0 and b k p and the distance c k p are computed easily from the geometry of the grid and a given choice for the increment ∆η. Values forG k p andũ k p are obtained from the solution of a Riemann problem as will be discussed in § 3.2 below. Assuming that these values can be found, (3.2) and (3.3) provide formulas for advancing the discrete sets {F j } and {α k }, respectively, from S h (η) to S h (η + ∆η). Starting values for {F j } and {α k } are known on S h (0) from the incoming shock data on the surface S 0 . Before proceeding to a discussion of the Riemann problem and the calculation of G k p andũ k p , a constraint on the numerical method is noted. The constraint may be seen in the problem of computing components of ∇α from the data {F j } and {α k }. These values are needed to compute the shock Mach number and to provide left and right states for the Riemann problem. For example, let us consider again the triangular element j 0 with edges k 1 , k 2 and k 3 , and suppose u 0 is the component of ∇α in the normal direction n j 0 and v 0 and w 0 are components of ∇α in the tangent plane of the surface. Second-order-accurate approximations for v 0 and w 0 may be computed from the edge values for α by solving the linear equations
where h p is the vector from the edge centre k 1 to the edge centre k p , and e v and e w are unit vectors in the tangent plane of the surface corresponding to the (orthogonal) directions of the components v 0 and w 0 , respectively. The definitions ofF j 0 and M 0 provide nonlinear equations for u 0 :
but these equations are not solvable for all choices of v 0 , w 0 , andF j 0 . For the area-Mach number relation (2.3), solutions exist for
The latter inequality is equivalent to the geometric constraint that the characteristic cone about ∇α cannot become tangent to the grid surface S h (η). This limits the angle between the shock surfaces α(x) = a 0 t as determined by a solution of (3.1) and the chosen family of surfaces S(η) for the numerical method. This constraint is analogous to the one discussed previously in Schwendeman (1999) . The implication of the constraint for the problems of interest for this paper will be discussed in § 4.
3.2. The Riemann problem for geometrical shock dynamics A Riemann problem is solved numerically in the neighbourhood of each face of the prism elements in order to obtain approximations forG k andũ k needed in (3.2) and (3.3) to advanceF j andα k , respectively, on the grid. This approach is similar to the one used in Schwendeman (1999) for two-dimensional shock propagation. For geometrical shock dynamics, a suitable Riemann problem for a system of first-order hyperbolic partial differential equations, equivalent to the second-order scalar equation for α in (3.1), may be introduced and solved for the components of ∇α. The solution consists of intervals of constant ∇α separated by shock-shocks or shock-expansions. (The term 'shock-expansion' used in the present discussion refers to smooth, expansiontype solutions of the equations.) For the two-dimensional case, formulas for these transitions are available in Whitham (1974) . The analogous formulas for the threedimensional case are new and are discussed below. A method of iteration involving the formulas for shock-shocks and shock-expansions is used to solve the Riemann problem numerically and determine values forG k andũ k .
Let us consider an orthogonal coordinate system (x, y, z) in the neighbourhood of a prism face, where x measures distance along the face in the direction of increasing η, y measures distance normal to the face, and z measures distance along the face in the cross-flow direction (perpendicular to the x-direction). Suppose further that u = (u, v, w) are the components of ∇α in the (x, y, z) directions, respectively. In this local system, the governing equations (3.1) become 5) and M = (u 2 + v 2 + w 2 ) −1/2 , together with the identities
For the purposes of the numerical method, we are interested in solutions of (3.5) and (3.6), depending on (x, y) only, subject to piecewise constant data at x = 0. This Riemann problem is
with
and u(0, y) = u for y < 0, u r for y > 0, where the data (u , u r ) are obtained from the components of ∇α belonging to neighbouring triangular grid cells. If the prism face coincides with a wall boundary of Ω h , then the reflection condition (u , v , w ) = (u r , −v r , w r ) is used to determine the ghost state outside the boundary.
We note immediately that w(x, y) = w(0, y) from the third equation in (3.7) so that the solution of the Riemann problem develops for x > 0 with a known constant value for the cross-flow component of ∇α on either side of y = 0. The third equation may now be discarded and solutions for the remaining two equations sought with w = constant on either side of y = 0. The jump conditions for shock-shocks (to be discussed below) shows that G and u are continuous at y = 0 for x > 0, and these values are the ones used forG k andũ k in (3.2) and (3.3), respectively.
Shock-shock solutions of (3.7) from an arbitrary state u 1 to a state u 2 satisfy the jump conditions
where U = dy/dx is the slope of the path of discontinuity. One family of solutions occurs when U = 0. For this case, the jump in w is arbitrary and u and G(u) are continuous. This is the jump (a contact discontinuity) at y = 0 as mentioned above. The other family of solutions occurs when U = 0. For this case, w = w 1 = w 2 , U = −(u 2 − u 1 )/(v 2 − v 1 ), and
This latter equation can be rewritten in the form
(3.9) using the definitions of F and G in (3.8) and introducing the polar coordinates u = r cos ϑ and v = r sin ϑ. There is a choice of sign for the square root in (3.9). Assuming that u 1 lies to the left of u 2 , we take the minus sign since ϑ decreases with increasing y for a solution in which the shock front propagates into the shock-shock. (This choice of sign plays the role of satisfying an entropy condition.) It is also noted that (3.9) reduces to the usual formula for shock-shocks when w = 0. Shock-expansion solutions of (3.7) may be found by first writing the equations in characteristic form. The third equation is already in characteristic form, while a linear combination of the first and second equations in (3.7) gives
which holds on characteristics with slope dy/dx = m, where m is a root of the quadratic
(3.11) We now eliminate m from equations (3.10) and (3.11), and use the definitions of F and G in (3.8) to obtain the differential form
which holds on the two families of characteristics. Again, it is convenient to use polar coordinates, u = r cos ϑ, v = r sin ϑ, so that the differential form in (3.12) becomes
For the strong shock case, β 2 = n and (3.13) may be integrated (keeping in mind that w is constant) to give
14) for a shock-expansion transition from a state (r 1 , ϑ 1 , w) to (r 2 , ϑ 2 , w). The function P (r, w) in (3.14) plays the role of a Prandtl-Meyer function, and is given by
where p 2 = nr 2 − w 2 and q 2 = r 2 + w 2 . The choice of sign in (3.14) reflects the two families of shock-expansion solutions and can be made following the condition that ϑ increases with increasing y for both families.
We now have the necessary formulas available to complete the solution of the Riemann problem. The solution consists of constant states in u separated by shockshocks or shock-expansions given by (3.9) and (3.14), respectively, with w = w or w r , and a contact discontinuity at y = 0 across which w jumps from w to w r and G and u are continuous. A numerical method of iteration is used to determine the solution and in particular the values of G and u. The iteration begins with values for each constant state given by a linearization of the equations. Newton's method is used to update the values for u iteratively until the values for G and u on y = 0 converge to within a specified tolerance (taken to be 10 −6 ). These values becomeG k andũ k in (3.2) and (3.3), respectively.
The numerical method described in § § 3.1 and 3.2, essentially a Godunov method, is first-order accurate if the left and right states for the Riemann problem at each face are taken from the discrete data at neighbouring grid cells alone. Higher-order methods (for smooth regions of the solution) could be obtained by making corrections to the left and right states based on discrete approximations for the gradient of u (see Schwendeman 1999, for example) . This is not done here because of the added numerical cost, mainly, and because for many of the problems computed the solutions contain regions of uniform (or nearly uniform) u separated by shock-shocks. We also note that approximate Riemann solvers could be used but since the problems of interest involve collisions of shock-shocks an exact Riemann solver is preferred.
Finally, we note that the increment in the parameter η is computed according to a CFL stability condition:
where L k is the minimum distance between the kth edge centre and the two opposing vertices belonging the left and right cells,m k is the maximum in absolute value of the two slopes of the characteristics given by the quadratic in (3.11), and (ds/dη) k is the rate of increase of distance in the x-direction from the kth edge centre with η. The constant C is taken to be 0.8 for all calculations.
Shock propagation in a converging channel
We now return to the problem of shock propagation in a converging channel with triangular cross-section. The geometry of the channel, as shown in figure 2, is described by the convergence angle φ, and while the angles 70.53
• are relevant for the problem of a converging shock whose initial shape takes the form of regular polyhedra with 4, 8 and 20 faces, respectively, we need not be restricted to these angles alone. In fact, our numerical calculations suggest that the general behaviour of the converging shock is independent of the choice for φ. Calculations have been made for a wide range of angles and in all cases considered, it is found that an initially planar shock evolves into repeating configurations whose Mach numbers increase with decreasing radius according to the same behaviour as for a converging spherical shock. These repeating configurations appear to be the stable ones for the converging channel geometry. In order to implement the numerical method for the converging channel geometry, we need to make a choice for the family of surfaces S(η) on which the solution of the governing equations (3.1) will be computed. A simple choice would be a family of planar surfaces with normals parallel to the centreline OC evolving from the initial shock surface when η = 0 towards the convergence point O. This choice is adequate for relatively small values of φ (less than about 30
• ) but is not the best choice for larger angles. For larger values of φ, the angle at which the shock is turned by the channel walls is greater so that the angle between ∇α and the centreline becomes large, and the constraint given by the inequalities in (3.4) is reached ultimately. A better choice for S(η) begins with a planar surface at η = 0, so that S(0) coincides with the initial shock surface for convenience as before, but then evolves into a family of spherical surfaces converging towards O. This choice is used for the calculations presented in this section and is adequate for values of φ to about 45
• . Solutions for converging channels with larger values of φ are difficult to calculate using a family of smooth surfaces due to the large jump in the shock-front normals created by Mach reflections at the channel walls initially and later in the interior.
Let us concentrate first on the behaviour of a shock propagating in a converging channel with φ = 20
• . Initially, the shock is planar with Mach number equal to 2, and it is located at the inlet to the channel where |OV | = 1. A value of n = 5.0743 is used in the area-Mach relation (2.3) corresponding to strong shock propagation in air. The parameters N c , N e and N v which describe the resolution of the grid are 65 536, 98 688 and 33 153, respectively. Figure 7 shows shock surfaces in the converging channel for (early) times between 0.118 and 0.196 (assuming a unit sound speed for the gas ahead of the shock). The surfaces in the figure are shaded according to the local shock Mach number with the lighter shades corresponding to higher Mach numbers (larger shock strengths). The grey-scale bar to the right of each plot gives the range of Mach numbers for each surface. As the shock propagates, its size decreases but each surface is scaled to its initial size for clarity. The actual size of each shock surface is indicated by its average radial distance from the convergence point as listed above each plot. In order to interpret the behaviour of these shock surfaces, it is convenient to consider contours of the shock Mach number in the cut planes OCE and OEV as shown in Figure 8 (a). The surface in figure 7(a) gives a representative view of the shock after its initial interaction with the channel walls. The dark central region of the surface is the incident planar shock from C and the lighter shaded regions surrounding it are the Mach stems formed from the Mach reflections at E and at V as labelled in figure 8(a) . For this choice of φ and n, the rate of advance of the shock-shock from E is greater than that from V so that the incident shock collapses to a point (as shown in figure 7b ) before the Mach stem from E is consumed by the Mach stem from V . This corresponds to R 1 /R 2 > 1 in figure 5 and is in contrast to the behaviour of the shock surfaces for the special case R 1 /R 2 = 1 as discussed previously and shown in figure 4 . After the collapse of the incident shock, a new shock is formed along the centreline at P and grows to become the surface shown in figure 7(c) . This growing shock eventually meets the Mach stems from V (at the point labelled Q in figure 8a ) to form the shock surface shown in figure 7(d ).
The later-time behaviour of the shock surfaces may be interpreted with the aid of figure 8(b), which shows an enlarged view of contours of shock Mach numbers near the convergence point. This plot gives a first indication of a repeating behaviour of the propagating shock. A portion of the plot that repeats is marked by the region between the dashed curves to the right and the left representing the intersection of the cut planes and the shock surfaces at t = 0.292 and 0.331, respectively. Upon close inspection of the figure, it may be seen that this section scales down and repeats as the shock propagates towards O. Further evidence of this repeating behaviour may be seen in the sequence of 12 shock surfaces shown in figure 9 . The first shock surface in the sequence corresponds to the dashed curve on the right in figure 8(b) while the last shock corresponds to the dashed curve on the left. The behaviour of the shock may be followed in time through the sequence by using the general rule that lighter shaded regions having larger shock strength consume darker regions with lower shock strength. By the end of the sequence, it is noted that the first shock surface in the sequence has re-formed, but with a larger overall strength and a reduced size as indicated by its average radial distance from O. The shock surfaces in the sequence are more complicated than the ones considered in § 2, and they have developed non-planar pieces so that an exact solution would be difficult to construct analytically.
As the shock converges, its Mach number increases, and it is interesting to compare the rate of increase with that given by a converging spherical shock. In the latter case, the increase in Mach number with decreasing radius can be worked out using the area-Mach number relation. The ray-tube area A for a spherical shock is proportional to r 2 , where r is the radius, which gives
using (2.3) for strong shocks. For the case of an initially planar shock propagating in a converging channel, the increase in Mach number with decreasing radius may be considered by following the behaviour along rays from the initial shock surface towards the convergence point. In figure 10 , we show log-log plots of the shock Mach number along rays from the points C, E and V as a function of r for the cases φ = 20
• , φ = 30
• and φ = 37.38
• . The latter case corresponds to a converging shock whose initial shape is an icosahedron. The sharp increases in Mach numbers observed in the plots are caused by Mach reflections at walls or by shock-shock collisions (shock focusing). The most extreme behaviour is seen along the ray from V . The dashed lines in the plots have slope equal to −2/n and they are in excellent agreement with the behaviour of the local extrema in Mach number along the ray from V . If we label the Mach number and radius at local maxima, say, as M p and r p , respectively, then it is evident from the plots that M p ∝ r −2/n p so that the increase in Mach number for each step of the repeating sequence follows 9 (g-l) . Shock surfaces in a converging channel with φ = 20
• : repeating behaviour.
the same behaviour as that for a converging spherical shock independent of the choice of φ. The repeating behaviour observed here is analogous to that found in Schwendeman & Whitham (1987) for converging cylindrical shocks. For the two-dimensional case, an exact solution was found for converging shocks whose initial shape takes the form of regular polygons. As the shock collapses the initial shape reforms repeatedly and the increase in the shock Mach number with r at each step follows the same formula as for a converging circular shock independent of the number of sides of the polygon. There are effective walls implied by the symmetry of the initial polygon so that the exact solution may be reinterpreted as shock propagation in a converging wedge with convergence angle ϕ. The geometry of the polygon implies ϕ = 2π/N, where N > 3 is an integer, but we need not be restricted to these angles for the wedge problem and may consider any angle on (0, π). The result would be the same. An initially plane shock re-forms at successive intervals as it propagates in the converging wedge independent of the choice for ϕ. We conclude that there is no essential difference between the two-dimensional case and three-dimensional case considered here, except that the initial planar shock does not re-form in the repeating sequence for the threedimensional case and the shock surfaces are more complicated. Thus, our numerical calculations suggest that the stability result implied by the exact solution for the two-dimensional case carries over to the three-dimensional case as well.
Converging spherical shocks
The behaviour of converging spherical shocks subject to smooth perturbations in their initial strength may be considered using the numerical method discussed in § 3. For this case, the initial shock surface is assumed to be spherical, and the equations are solved numerically on a family of spherical surfaces S(η) with decreasing radius, r = e −η , 0 < η < η final . The initial strength of the shock is described by a specified Mach number distribution which is taken to be
where M 0 is a constant (unperturbed) Mach number, m is one half of the number of smooth 'bumps' in the initial distribution, i and s i give the magnitude and spread of the ith bump, respectively, and φ i (x) ∈ [0, π] is the angle between the position vector x on the surface of the initial spherical shock and a chosen vector x i for the centre of the ith bump. The form of the perturbation given in (5.1) includes a reflectional symmetry about the origin so that the point of convergence is unchanged from the unperturbed case. Thus, the chosen family of surfaces S(η) remains a suitable choice for the numerical integration as the shock collapses. We consider first a case in which the initial perturbation has the same symmetry as that for a converging shock whose initial shape is an icosahedron. For this case, we set m = 10, i = 0.1 and s i = 4 for i = 1, . . . , 10, and take {x i } to be the positions of the 10 face centres of the polyhedron in the upper half-hemisphere.
(The reflectional symmetry in (5.1) gives the corresponding perturbations in the lower half-hemisphere.) Figure 11 (a) shows the initial shock surface with the prescribed distribution of smooth bumps in Mach number indicated by the lighter shaded spots on the spherical surface. As the shock collapses, the smooth perturbations grow and the shock surface develops (nearly) planar pieces connected by shock-shocks. A representative view of this later-time behaviour is given by the shock surface shown in figure 11(b) . The behaviour of the shock Mach number along rays from points on the initial surface corresponding to the points C, E and V for the polyhedron is shown in figure 11 (c). In this plot, it is clear that the smooth perturbation evolves into the repeating behaviour discussed earlier for the converging channel. This plot provides a strong indication that the repeating solution is the stable one for initial perturbations that possess the symmetry of a regular polyhedron. As a last case, we consider the behaviour of a converging spherical shock subject to a smooth perturbation without symmetry, except for the reflectional symmetry built into (5.1). This may be done by choosing arbitrary values for m, { i }, {s i } and {x i } in (5.1), and of course there are many possibilities from which to choose. The aim here is not to give a full picture of all possibilities, but rather to simply indicate a trend in the behaviour. For this purpose, we choose m, {s i } and {x i } as in the symmetric case, but now take random values for { i } on the interval [0.0975, 0.125]. For this choice, the very early behaviour is close to that observed in the symmetric case, but the symmetry is broken so that the repeating behaviour is not observed at later times. There is, however, still a trend towards shock surfaces composed of nearly planar pieces, similar to that reported in Schwendeman (1993) , and this is seen in the sample shock surface shown in figure 12(a) . In order to examine the behaviour of the Mach number of the converging shock, we compute a discrete approximation to an average Mach number defined byM
where the integral is taken over a shock surface α(x) = a 0 t for a given time t, and σ(t) is the surface area of the shock at t. In figure 12 (b) we plotM(t)/M(0) versus r(t) = (σ(t)/σ(0)) 1/2 on a log-log scale for t between 0 and 0.3383. As can be seen in the plot, the surface average smooths out the local jumps in Mach number across shock-shocks, and the rate of increase in the average Mach number agrees well with that given by an unperturbed converging spherical shock (the dashed line with slope −2/n in the figure) . The implication of the calculations in this section is that there is a tendency for converging shocks to form nearly planar pieces so that the stability result suggested by the numerical results of §4 appears to be general.
Conclusions
A study of converging spherical and polyhedral shocks was conducted within the theory of geometrical shock dynamics. For the polyhedral case, an analytical and numerical analysis was carried out for an equivalent problem involving an initially planar shock propagating in a converging channel with triangular cross-section. It was shown that the initial shock evolved into a repeating sequence of shock surfaces consisting of nearly planar shock pieces connected by shock-shocks, and that the increase in strength of the shocks followed the same behaviour as that for a converging spherical shock independent of the convergence angle of the channel. It was concluded that this solution is analogous to the exact solution discussed in Schwendeman & Whitham (1987) for converging shocks whose initial shape takes the form of regular polygons. The fact that the repeating surfaces in the solution for the polyhedral case involve non-planar pieces in contrast to the planar shock surfaces in the exact solution for the polygonal case is not entirely surprising and is reminiscent of the difference between the leading shock surfaces for conical and planar Mach reflection (see Hornung & Schwendeman 2001 , for example). An important implication suggested by the numerical solution for the converging channel is that a spherical shock is stable to perturbations that take the form of regular polyhedra. It was noted in § 4 that this result is an extension of the stability result established in the earlier paper for the cylindrical case.
Numerical results were presented for converging spherical shocks with smooth initial perturbations in shock strength. For a case in which the perturbation possessed the same symmetry as an icosahedron, it was shown that the solution evolved into the same repeating sequence as found previously for the corresponding case of a converging channel with φ = 37.38
• . This numerical result provides strong evidence that the repeating solution is the stable one for converging spherical shocks subject to smooth perturbations with the symmetry of regular polyhedra. A second case was considered in which the perturbation had only a reflectional symmetry so that the point of convergence was unchanged from the unperturbed solution. In this latter case, it was found that the shock developed nearly planar surfaces, and an average shock strength was calculated and shown to increase at a rate nearly equal to that of an unperturbed converging spherical shock. The conclusion supported by both cases is that converging spherical shocks are stable to smooth initial perturbations in shock strength.
Finally, it is noted that the numerical method developed here to compute converging shocks has a wider range of applicability. The method enjoys the flexibility of an unstructured grid and may be used to compute three-dimensional shock propagation for a wide variety of geometric configurations. In addition, the method could be extended, following the work in Schwendeman (1999) for example, to handle shock propagation in gases with non-uniform properties ahead of the shock.
